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FOLIATIONS BETWEEN CROOKED PLANES IN
3-DIMENSIONAL MINKOWSKI SPACE
JEAN-PHILIPPE BURELLE AND DOMINIK FRANCOEUR
Abstract. We show that any two disjoint crooked planes in R3 are leaves of
a crooked foliation. This answers a question asked by Charette and Kim [5].
1. Introduction
In 1983, answering a question of Milnor [10], Margulis constructed the first exam-
ples of nonabelian free groups which act freely and properly discontinuously on R3
by affine transformations [9]. In order to better understand these examples, Todd
Drumm defined piecewise linear surfaces called crooked planes which can bound
fundamental domains for such actions [7].
Crooked planes have proven to be very useful in the study of affine actions.
Charette-Drumm-Goldman have used them in order to obtain a complete classifi-
cation for free groups of rank two [2–4]. In particular, they show that every free
and properly discontinuous affine action of a rank two free group on R3 admits a
fundamental domain bounded by finitely many crooked planes (the crooked plane
conjecture). A consequence of this is the tameness conjecture, that the quotient of
R3 by one of these actions is homeomorphic to the interior of a compact manifold
with boundary.
Building on this work, Danciger-Gue´ritaud-Kassel showed in [6] that crooked
planes have a natural interpretation in terms of the deformation theory of hyper-
bolic surfaces, and used this fact in order to prove the crooked plane conjecture in
arbitrary rank, assuming that the linear part is convex cocompact in O(2, 1).
One of the key aspects of the theory of crooked planes is their intersection prop-
erties. In particular, knowing when two crooked planes are disjoint is crucial. The
Drumm-Goldman inequality provides a necessary and sufficient criterion for two
crooked planes to be disjoint [8]. This criterion was later expanded upon in [1] and
reinterpreted in terms of hyperbolic geometry in [6].
As an application of the disjointness criterion, the first example of a crooked
foliation, a smooth 1-parameter family of pairwise disjoint crooked planes, was given
in [1]. Charette-Kim [5] investigated these foliations further and gave necessary and
sufficient criteria for a one-parameter family of crooked planes to foliate a subset
of R3. They ask the following question : given a pair of disjoint crooked planes in
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R3, can the region between them be foliated by crooked planes? We answer this
question in the affirmative.
Theorem 1. Let C,C ′ be a pair of disjoint crooked planes in R3. Then, there is
a crooked foliation, that is, a smooth family of pairwise disjoint crooked planes Ct,
0 ≤ t ≤ 1 with C0 = C and C1 = C ′.
After recalling some definitions from the theory of crooked planes in Minkowski
3-space in Section 2, we will prove the main theorem in Section 3.
We are thankful to the referee for insightful comments and for suggesting an
elegant way to shorten the proof of the main theorem.
2. Definitions
Definition 2.1. Lorentzian 3-space R2,1 is the real three dimensional vector space
R3 endowed with the following symmetric bilinear form of signature (2, 1):
· : R3 × R3 → R
(u,v) 7→ u1v1 + u2v2 − u3v3.
We fix the orientation given by the standard basis e1, e2, e3 and we define the
Lorentzian cross product
u× v = (u2v3 − u3v2, u3v1 − u1v3, u2v1 − u1v2) ∈ R2,1,
for u,v ∈ R2,1.
A null frame of R2,1 is a positively oriented basis u,u′,u′′ such that u · u = 1,
u′ · u′′ = −1 and all other products between the three vectors vanish.
Notation 2.1. Any unit spacelike vector u can be extended to a null frame. This
frame is unique up to scaling u′ and u′′ by inverse scalars. As normalization we
will choose u′ and u′′ so that their third coordinates are positive and equal. Given
u, we will denote these two null vectors by u− and u+, respectively.
We will denote by Min the pseudo-Euclidean affine space which is modeled on
the vector space R2,1. In other words, Min is a topological space on which R2,1 acts
simply transitively by homeomorphisms. For v ∈ R2,1 and p ∈ Min, we denote this
action by v(p) = p+v. If q = p+v, we will also write q−p = v. A choice of origin
o ∈ Min identifies Min with R2,1 via the map v 7→ o + v.
We now recall the definition of a crooked plane. First, we define a stem, which
will be one of the three linear pieces of a crooked plane.
Definition 2.2. Let u ∈ R2,1 be a unit spacelike vector. The stem S(u) is the set
of causal vectors orthogonal to u :
S(u) = {v ∈ R2,1 | u · v = 0 and v · v ≤ 0}.
A stem is the union of two opposite closed quadrants (see Figure 1).
Definition 2.3. Let u ∈ R2,1 be a unit spacelike vector. The linear crooked plane
C(u) is the piecewise linear surface defined by:
C(u) := {v ∈ R2,1 | v ×w = kw for some w ∈ S(u) and k ∈ R≥0}.
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From this definition, we see that S(u) ⊂ C(u) since v × v = 0 for all v ∈ R2,1.
The complement of the stem C(u) − S(u) has two connected components which
are called the wings of the crooked plane. Each wing is a half-plane on which the
Lorentzian bilinear form is degenerate, attached to the stem along its boundary
(See Fig. 1). Note that C(u) = C(−u).
Definition 2.4. Let p ∈ Min and u ∈ R2,1 unit spacelike. The crooked plane
C(p,u) is the set p + C(u) ⊂ Min. The vector u is called a directing vector of the
crooked plane, and p its vertex.
In order to formally state the disjointness criteria from [5,8], we need a normal-
ization for pairs of unit spacelike vectors.
Definition 2.5. Two unit spacelike vectors u1,u2 ∈ R2,1 are consistently oriented
if
• u1 · u2 ≤ −1, and
• ui · u±j ≤ 0 for 1 ≤ i, j ≤ 2.
Two consistently oriented unit spacelike vectors u,u′ are called ultraparallel if
u · u′ < −1. They are called asymptotic if u · u′ = −1 and u′ 6= −u. Intersect-
ing u⊥ and u′⊥ with the hyperboloid model of the hyperbolic plane defines a pair
of hyperbolic geodesics, and the terminology comes from the relative position of
these geodesics. Choosing one of the unit vectors ±u endows the geodesic in the
hyperboloid model of H2 defined by u⊥ with a transverse orientation. Two unit
spacelike vectors are consistently oriented when the corresponding transversely ori-
ented geodesics are disjoint with transverse orientations pointing away from each
other (see Figure 1).
Whenever there exists a choice of directing vectors u,u′ which are consistently
oriented, we will also call a pair of crooked planes C(p,u), C(p′,u′) ultraparallel or
asymptotic accordingly.
We will use two disjointness criteria for crooked planes, one for pairs of crooked
planes and one for foliations. Both depend on the following notion:
Definition 2.6. The stem quadrant associated to a unit spacelike vector u is the
set
V(u) := {au− − bu+ : a, b ≥ 0}\{0}.
Note that V(−u) = −V(u).
The following disjointness criterion is a restatement of the Drumm-Goldman
inequality [8].
Theorem 2 (Burelle-Charette-Goldman [1]). Let C = C(p,u), C ′ = C(p′,u′) be
crooked planes and assume that u,u′ are consistently oriented. Then, C and C ′ are
disjoint if and only if
p′ − p ∈ A(u,u′) := int(V(u′)− V(u)).
Remark 2.1. It is also shown in [8] that if there is no choice of sign for u,u′
making them consistently oriented, then C(p,u) and C(p′,u′) necessarily intersect.
Therefore, the above theorem is a characterization of disjoint crooked planes.
We will use the following straightforward consequence of the Charette-Kim cri-
terion for crooked foliations (foliations of R2,1 by crooked planes) :
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(a) A pair of consistently oriented unit spacelike vectors u1,u2
and the corresponding stems.
(b) The linear crooked plane C(u2).
Figure 1. Consistent orientations, stems and crooked planes.
Theorem 3 (Charette-Kim [5]). Let (ut)t∈R be a path of pairwise ultraparallel or
asymptotic unit spacelike vectors such that −ut,us are consistently oriented for all
t < s. Suppose (pt)t∈R, is a regular curve such that for every t ∈ R,
p˙t ∈ int(V(ut)).
Then, C(pt,ut) is a crooked foliation.
3. Foliations between crooked planes
We now prove Theorem 1 : there exists a crooked foliation containing any pair
of disjoint crooked planes. The theorem is a consequence of the following stronger
result :
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Proposition 1. Let (ut)t∈[0,1] be a smooth path of unit spacelike vectors which
are pairwise ultraparallel or asymptotic. Let p0, p1 ∈ Min such that C(p0,u0) and
C(p1,u1) are disjoint crooked planes. Then, there exists a path (pt)t∈[0,1] starting
at p0 and ending at p1 such that C(pt,ut) is a smooth crooked foliation.
Proof. Since we assume that us are pairwise ultraparallel or asymptotic, we have
that ut · us ≥ 1 for all t ≤ s. Changing the path us to −us if needed (both
paths define the same linear crooked planes) we may also assume that −ut,us are
consistently oriented for all t < s.
For any pair of smooth functions f, g : [0, 1]→ R>0, define
vf,g(s) := f(s)u
−
s − g(s)u+s .
Then, the path of vertices pf,g(t) := p0 +
∫ t
0
vf,g(s) ds satisfies the hypotheses of
Theorem 3 since its derivative
p˙f,g(t) = vf,g(t)
lies in the interior of V(ut) by definition.
Let D denote collection of displacement vectors pf,g(1)− p0 :
D =
{∫ 1
0
vf,g(s) ds
∣∣∣∣ f, g : [0, 1]→ R>0} .
Then D is a convex cone since kvf,g = vkf,kg for k ∈ R>0 and vf1,g1 + vf2,g2 =
vf1+f2,g1+g2 . Moreover, since by Theorem 3 the crooked planes C(pf,g(t),ut) define
crooked foliations, the initial and final crooked planes are disjoint and so D ⊂
A(−u0,u1). Since the cone A(−u0,u1) is the interior of the convex hull of the four
rays generated by u−0 ,−u+0 ,u−1 ,−u+1 , to show equality of the cones it suffices to
show that these rays can be approximated by vectors in D.
Consider the sequences fn(s) = ne
−ns and gn(s) = e−n. Integrating by parts we
get ∫ 1
0
fn(s)u
−
s ds = u
−
0 − e−nu−1 +
∫ 1
0
e−nsu˙−s ds.
Therefore, as us is smooth and so u
+
s and u˙
−
s are bounded on [0, 1],
lim
n→∞
∫ 1
0
vfn,gn(s) ds = u
−
0 .
We conclude that D contains vectors arbitrarily close to the ray R>0u−0 .
Similarly, if f is concentrated near s = 1 and g is small we can approximate the
ray u−1 , and exchanging the roles of f and g we approximate the other two rays on
the boundary of the convex cone A(u0,u1). 
The previous proposition has the following interpretation : given any geodesic
foliation F of the region between two geodesics `0, `1 of H2 and basepoints p0, p1 ∈
Min such that the crooked planes with vertices pi and stems corresponding to `i
are disjoint, F can be lifted to a foliation by crooked planes of the region between
the crooked planes.
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